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Abstract
A commutative ring A is said to be binomial if A is torsion-free (as a Z-module) and the element
a(a − 1)(a − 2) · · · (a − n + 1)/n! of A⊗ZQ lies in A for every a ∈ A and every positive integer
n. Binomial rings were first defined circa 1969 by Philip Hall in connection with his groundbreaking
work in the theory of nilpotent groups. They have since had further applications to integer-valued
polynomials, Witt vectors, and λ-rings. For any set X , the ring of integer-valued polynomials inQ[X ]
is the free binomial ring on the set X . Thus the binomial property provides a universal property for
rings of integer-valued polynomials. We give several characterizations of binomial rings and their
homomorphic images.
For example, we prove that a binomial ring is equivalently a λ-ring A whose Adams operations
are all the identity on A. This allows us to construct a right adjoint BinU for the inclusion from
binomial rings to rings which has several applications in commutative algebra and number theory.
For example, there is a natural BinU (A)-algebra structure on the universal λ-ring Λ(A), and likewise
on the abelian group of multiplicative A-arithmetic functions. Similarly, there is a natural BinU (A)-
module structure on the abelian group 1+a for any ideal a in A with respect to which A is complete.
c© 2005 Elsevier B.V. All rights reserved.
MSC: 13F20; 13K05
E-mail address: jesse.elliott@csuci.edu.
0022-4049/$ - see front matter c© 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2005.09.003
166 J. Elliott / Journal of Pure and Applied Algebra 207 (2006) 165–185
1. Introduction
A ring A (always assumed to be commutative with identity) is said to be binomial if A
is torsion-free (as a Z-module) and the binomial coefficient(a
n
)
:= a(a − 1)(a − 2) · · · (a − n + 1)
n! ∈ A⊗ZQ
lies in A for every a ∈ A and every positive integer n.
Example 1.1. The following are known examples of binomial rings.
(1) Any ring containing Q.
(2) The localization of Z at any multiplicative subset.
(3) The ring Zp of p-adic integers, and the ring Ẑ of profinite integers.
(4) The ring Int(ZX ) := { f (X) ∈ Q[X ] : f (ZX ) ⊂ Z} of integer-valued polynomials in
Q[X ], where X is any set of formal variables.
(5) Any domain A of characteristic zero in which Z is a polynomially dense subset [5,
Theorem IV.3.1].
(6) Any torsion-free λ-ring A whose Adams operations are all the identity on A [16].
Binomial rings were first defined by Philip Hall in connection with his groundbreaking
work in the theory of nilpotent groups [9]. Hall defined a kind of generalized
exponentiation of elements of any nilpotent group by elements of a binomial ring,
analogous to exponentiation of elements of an arbitrary group by the integers, and to
exponentiation of elements of a uniquely divisible group by the rational numbers. Binomial
rings prove useful in many other contexts, often providing further algebraic structure than
is otherwise present. For examples of this, see Propositions 8.4, 10.1 and 11.1.
Since their introduction, binomial rings have found several applications to Witt vectors
and λ-rings. The first of these was by Wilkerson [16], who showed that a binomial
ring is equivalently a torsion-free λ-ring A whose Adams operations are all the identity
on A. Thus, a binomial ring is in a precise sense the simplest kind of λ-ring. More
recently, Yau [17] used binomial rings to prove the existence of a filtered ring admitting
an uncountable family of mutually non-isomorphic filtered λ-ring structures; his example
is the ring B[ε]/(ε2) in the ε-adic filtration, where B is any binomial ring. In their study
of plethystic algebra, which they used to generalize the Witt vector construction, Borger
and Wieland [3] used the “binomial plethory” as an illuminating example of a Z-plethory.
Also, Elliott [8] proved that, over a binomial ring, any ring of generalized Witt vectors,
in the sense of Dress–Siebeneicher [7], has a simpler description in terms of “generalized
necklace rings”. Proposition 10.1 is a special case of that result.
We remark that Proposition 10.1 is the proper formulation of Theorem 1 in Section 8
of [13], which falsely claims that the universal λ-ring over A is isomorphic to the necklace
ring over A for any domain A of characteristic zero. The authors’ oversight occurs in the
assumption that any rational “polynomial taking integer values for integer x” has values
defined “in any domain of characteristic zero”, rather than in any binomial ring. This error
provides some of the motivation for our study of binomial rings.
Another motivation is the fact that there are strong but hitherto unrevealed connections
between binomial rings and integer-valued polynomials. For example, a domain A of
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characteristic zero is binomial if and only if Z is a polynomially dense subset of A.
This follows from Theorem IV.3.1 of [5], although the authors make no use of the
term “binomial ring” or any literature on the subject. Our Theorem 4.2 generalizes that
theorem, although our result was discovered independently. Moreover, our methods have
led to new results about integer-valued polynomial rings of independent interest, such as
Proposition 2.3 and Theorems 3.1 and 4.1.
The main goal of this paper, therefore, is to advance a discussion of binomial rings, sup-
plementing this discussion with further applications in commutative algebra and number
theory. The paper is organized as follows. In Section 2, we show that the integer-valued
polynomial ring Int(ZX ) is the free binomial ring on the set X . Thus the binomial property
provides a universal property for rings of integer-valued polynomials. We give a presenta-
tion for the ring Int(ZX ) in Section 3. We use this presentation in Section 4 to give charac-
terizations of those rings, which we call “quasi-binomial”, that are homomorphic images
of binomial rings. A ring is binomial if and only if it is quasi-binomial and torsion-free, so
this yields characterizations of binomial rings as well. In Section 5, we study operations
on rings, such as localization and completion, that preserve the binomial property.
After Section 5, most of our attention centers on “universal” binomial and quasi-
binomial rings. In Section 6, we construct a right adjoint for the inclusion functor from
quasi-binomial rings to rings. Then, in Section 7, we construct a left adjoint for the
inclusion functor from binomial rings to rings. In Section 8, we prove that a binomial
ring is equivalently a λ-ring A whose Adams operations are all the identity on A. This is
used in Section 9 to construct a right adjoint BinU for the inclusion functor from binomial
rings to rings.
In Section 10, we apply the results of Section 9 to universal λ-rings. If A is binomial,
then the universal λ-ring Λ(A) has a natural A-algebra structure. More generally, for any
ring A, the ringΛ(A) has a natural BinU (A)-algebra structure. This unifies two well-known
facts: (1) if A contains Q, then Λ(A) is an A-algebra; and (2) if A contains Fp, then Λ(A)
is a Zp-algebra.
Somewhat analogously, in Section 11 we apply the results of Section 9 to the study
of the abelian group 1 + a for any ideal a in A with respect to which A is complete. In
particular, we show that the group 1+a has a natural BinU (A)-module structure. This also
unifies two well-known facts: (1) if A contains Q, then 1+ a is an A-module, and indeed a
logarithmic map 1 + a −→ a is defined and is an isomorphism; and (2) if A contains Fp,
then 1+ a is a Zp-module.
Again, somewhat analogously, the abelian group of multiplicative A-arithmetic
functions (i.e., the set of all multiplicative functions f : Z>0 −→ A under the usual
Dirichlet convolution product ∗ [12]) has a natural BinU (A)-algebra structure. This is
discussed briefly in Section 12. In particular, we are able to define generalized “powers” of
multiplicative functions: for all multiplicative f and all α ∈ BinU (A), the function
f α :=
∞∑
n=0
(α
n
)
( f − 1)n
is also multiplicative. This is a more natural definition than the standard definition of
powers due to Rearick [15] – which assumes that A = R or A = C – in terms of
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his logarithmic and exponential operators. Moreover, further knowledge of this BinU (A)-
algebra structure can yield useful information, say, about the powers of a given
multiplicative function that are rational, in the sense of Carroll–Gioia [6]. This topic will
be taken up elsewhere.
2. Integer-valued polynomials
Our first result shows that the binomial property provides a universal property for the
ring Int(ZX ) of integer-valued polynomials, where X is a set. Recall that
Int(ZX ) := { f (X) ∈ Q[X ] | f (ZX ) ⊂ Z}
is a subring of Q[X ] (and is non-Noetherian if X is nonempty).
Proposition 2.1. The ring Int(ZX ) is the free binomial ring on the set X, for any set X. In
other words, the functor X 7−→ Int(ZX ) from sets to binomial rings is a left adjoint for the
forgetful functor from binomial rings to sets, in the sense that there is a natural bijection
Hom(Int(ZX ), A) ∼−→ Hom(X , A)
for any set X and any binomial ring A.
To prove Proposition 2.1, we need the following lemma. Let X be a set of formal
variables. For any multi-index α = (αX )X∈X in⊕X∈X Z≥0, the polynomial(
X
α
)
:=
∏
X∈X
(
X
αX
)
in Q[X ] is integer-valued.
Lemma 2.2. The integer-valued polynomials
(
X
α
)
, where α is a multi-index, form a
Z-module basis for Int(ZX ).
Proof. For finite X , this is a standard result. For example, see [5, Proposition XI.I.12].
Since
Int(ZX ) =
⋃
Y⊂X
Yfinite
Int(ZY ),
the lemma is true for arbitrary X . 
Proof of Proposition 2.1. Suppose A is binomial, and let a ∈ AX = Hom(X , A). By
Lemma 2.2 and the definition of binomial, the homomorphism
Q[X ] −→ A⊗ZQ
f (X) 7−→ f (a).
restricts to a homomorphism
Int(ZX ) −→ A
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sending X to a(X) for all X ∈ X and, since A is torsion-free, such a homomorphism is
unique. Thus the obvious natural map
Hom(Int(ZX ), A) −→ Hom(X , A)
is a bijection. The proposition follows. 
Proposition 2.3. There is a unique isomorphism⊗
X∈X
Int(Z) −→ Int(ZX )
of rings acting by X 7−→ X for all X ∈ X, where the tensor product is over Z, and where
Int(Z) denotes Int(Z{X}).
Proof. The diagram⊗
X∈X Q[X ] ∼ // Q[X ]
⊗
X∈X Int(Z)
ψ
OO
ϕ
// Int(ZX )
OO
OO
is commutative, where ϕ is the obvious homomorphism induced from the inclusions
Int(Z) −→ Int(ZX ). The homomorphism ϕ is surjective, by Lemma 2.2. To show that
ϕ is injective, it suffices to show that ψ is injective.
By Lemma 2.2, each Z-module Int(Z) is free and therefore flat over Z. Since Q[X ] is
also flat over Z, we have
Int(Z)⊗ Int(Z) ⊂ Q[X ] ⊗ Int(Z) ⊂ Q[X ] ⊗Q[Y ].
Continuing in this manner, we see that ψ is injective for all finite X . For infinite X ,
injectivity follows by exactness of direct limits. 
3. A presentation of the ring of integer-valued polynomials
In this section we find a presentation of the ring Int(ZX ). For any prime p, let
Fp(X) := X
p − X
p
,
let
Fpk (X) := Fp ◦ Fp ◦ · · · ◦ Fp(X)
be the k-fold composition of Fp(X) with itself, and let F1(X) := X . It is well-known that
the polynomials Fpk (X), the so-called “Fermat polynomials”, together generate the ring
Int(Z) [5, Proposition II.3.14].
Theorem 3.1. Let X = {X i }i∈I be a set of variables. There is a unique ring
homomorphism
Z[{X i,pk | i ∈ I, p prime, k ∈ Z≥0}] −→ Int(ZX )
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acting by
X i,pk 7−→ Fpk (X i )
for all i, p, k. It is surjective and has kernel equal to the ideal generated by
X p
i,pk
− X i,pk − pX i,pk+1
for all i, p, k. (Note that X i,p0 = X i,1 = X i,q0 for all primes p, q.)
This theorem, together with Proposition 2.1, implies that, to form an arbitrary binomial
ring, one may take a polynomial ring over Z, mod out by at least all relations of the above
form, and then mod out by the ideal of Z-torsion elements. This technique was used in the
proof of [17, Theorem 3.3.1].
To prove Theorem 3.1, we need two lemmas.
Lemma 3.2. Let p be a prime. The kernel of the surjective ring homomorphism
Z[X1, X p, X p2 , . . .] −→ Z[X, Fp(X), Fp2(X), . . .]
X pk 7−→ Fpk (X)
is equal to the ideal I generated by X p
pk
− X pk − pX pk+1 for k ∈ Z≥0.
Proof. Consider the surjective ring homomorphism
ϕ : A −→ B
acting by
ϕ : X pk 7−→ Fpk (X),
where
A := Z[X1, X p, X p2 , . . . , X pn ]
and
B := Z[X, Fp(X), Fp2(X), . . . , Fpn (X)].
Let J denote the ideal in A generated by X p
pk
− X pk − pX pk+1 for 0 ≤ k ≤ n − 1. It
suffices to show that kerϕ = J . Clearly J is contained in kerϕ, so we have a surjective
ring homomoprhism
ψ : A′ −→ B,
where A′ := A/J . We must show that kerψ = 0.
Now, A′ contains and is integral over Z[X pn ], and likewise B is integral over
Z[Fpn (X)]. Therefore both A′ and B have Krull dimension 2. Thus, since B is an integral
domain, the kernel of ψ must be a minimal prime ideal in A′. But the ring A′ is torsion-free
(being integral over a torsion-free ring), so the map
A′ −→ A′[p−1] = Z[p−1][X1]
is an inclusion of rings. Therefore A′ is a domain, so the kernel of ψ , being a minimal
prime ideal in A′, is zero. 
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Lemma 3.3. There is a unique ring homomorphism
Z[{X pk | p prime and k ∈ Z≥0}] −→ Int(Z)
acting by
X pk 7−→ Fpk (X)
for all p, k. It is surjective and has kernel equal to the ideal J generated by X p
pk
− X pk −
pX pk+1 for all primes p and all integers k ≥ 0.
Proof. Let ϕ denote the given ring homomorphism, which is surjective by [5, Proposition
II.3.14]. Let
A := Z[{X pk | p prime and k ∈ Z≥0}]/J.
The homomorphism ϕ induces a ring homomorphism
ψ : A −→ Int(Z).
We wish to show that ψ is injective.
Let us consider ψ as a homomorphism of Z-modules. If p is a prime, then the
localization of ψ at (p) is seen to be the same as the localization at (p) of the
homomorphism
Z[X1, X p, X p2 , . . .]/I −→ Z[X, Fp(X), Fp2(X), . . .]
X pk 7−→ Fpk (X),
where I is defined as in Lemma 3.2. Since this map is injective for any prime p by
Lemma 3.2, so is ψ . 
Proof of Theorem 3.1. The theorem follows from Lemma 3.3 and Proposition 2.3. 
4. Characterizations of binomial rings
In Theorems 4.1 and 4.2 below, we give several characterizations of the rings that are
homomorphic images of binomial rings. We will call such rings quasi-binomial. Note that
a ring is binomial if and only if it is quasi-binomial and torsion-free, so these theorems
give characterizations of binomial rings as well.
Theorem 4.1. Let A be a ring. The following are equivalent.
(1) A is quasi-binomial.
(2) The elements of A satisfy every integer polynomial congruence satisfied by all integers:
for every positive integer k, for every polynomial f ∈ Z[X1, X2, . . . , Xk], and for
every positive integer m, one has
f (a1, a2, . . . , ak) ≡ 0 (mod mA)
for all a1, a2, . . . , ak ∈ A whenever
f (n1, n2, . . . , nk) ≡ 0 (mod mZ)
for all n1, n2, . . . , nk ∈ Z.
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(3) One has a(a − 1)(a − 2) · · · (a − n + 1) ∈ n!A for every a ∈ A and every positive
integer n.
(4) For every prime number p and every a ∈ A, one has a p ≡ a (mod pA).
(5) A is a homomorphic image of Int(ZX ) for some set X.
Proof. (1) ⇒ (2). Since a quotient of any ring satisfying (2) also satisfies (2), we may
assume without loss of generality that A is binomial. The hypothesis on f in condition (2)
means that f/m ∈ Q[X1, X2, . . . , Xk] is integer-valued. Therefore, by Lemma 2.2 and the
definition of binomial, f/m maps AX into A, where X = {X1, X2, . . . , Xn}. Therefore
condition (2) holds.
(2)⇒ (3). This is clear, since
k(k − 1)(k − 2) · · · (k − n + 1) ≡ 0 (mod n!Z)
for all k ∈ Z.
(3)⇒ (4). This is also clear, since
a(a − 1)(a − 2) · · · (a − p + 1) ≡ a p − a (mod pA)
for all a ∈ A.
(4) ⇒ (5). For every a ∈ A and every prime p, we define an infinite sequence
a1, ap, ap2 , . . . recursively as follows. Let a1 = a, and let apk+1 be any element of A
for which a p
pk
− apk = papk+1 . Consider the unique ring homomorphism
ϕ : Z[{Xa,pk | a ∈ A, p prime, k ∈ Z≥0}] −→ A
acting by
ϕ : Xa,pk 7−→ apk
for all a, p, k. The homomorphism ϕ is surjective, and the polynomials X p
a,pk
−
Xa,pk − pXa,pk+1 lie in kerϕ, for all a, p, k. By Theorem 3.1, therefore, ϕ induces a
homomorphism from Int(ZX ) onto A, where X = {Xa}a∈A.
(5)⇒ (1). This is clear, since Int(ZX ) is binomial. 
In the case where A is torsion-free, the equivalence of conditions (1) and (4) of
Theorem 4.1 is due to Wilkerson [16]. Our result is more general, and our proof does
not employ the theory of λ-rings.
The following theorem generalizes and expands upon [5, Theorem IV.3.1], which
assumes A is a domain of characteristic 0.
Theorem 4.2. Let A be a ring. Then A is quasi-binomial if and only if, for every prime
number p, any of the following equivalent conditions holds.
(1) A/pA is quasi-binomial.
(2) The Frobenius endomorphism a 7−→ a p of A/pA is the identity.
(3) A/pA is locally isomorphic to Fp.
(4) A/pA is reduced, and every residue field of A/pA is isomorphic to Fp.
(5) A/pA is isomorphic to the ring of continuous functions fromX to Fp for some compact
zero-dimensional topological space X .
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Moreover, if A/pA is either semi-local or Noetherian, then each of these conditions is
equivalent to the following.
(6) If p is not invertible in A, then p is totally decomposed in A, that is, pA =
m1m2 · · ·mr , where the mi are distinct maximal ideals of A for which A/mi ∼= Z/pZ.
Proof. By Theorem 4.1, A is quasi-binomial if and only if (2) holds for every prime p.
(1)⇔ (2). This equivalence follows from Theorem 4.1.
(2) ⇒ (3). Let p be a prime ideal in A containing p. Since A/p is a domain and is a
homomorphic image of A/pA, one has A/p ∼= Fp. Moreover, for each a ∈ p, the element
u := a p−1 − 1 is invertible in Ap, and therefore a = (a p − a)u−1 lies in pAp. Hence
pAp = pAp. Therefore one has
(A/pA)p ∼= Ap/pAp = Ap/pAp ∼= (A/p)p ∼= Fp.
Hence A/pA is locally isomorphic to Fp.
(3) ⇒ (4). The ring A/pA is locally reduced and therefore reduced. Also, the residue
field of A/pA at a prime ideal p is a quotient of the localization of A/pA at p, which is
isomorphic to Fp. Therefore all residue fields of A/pA are isomorphic to Fp.
(4)⇒ (2). Let B = A/pA and let a ∈ B. For all prime ideals p in B, one has a p−a ∈ pBp,
since Bp/pBp ∼= Fp. Therefore a p− a ∈⋂p pBp = 0, since B is reduced. This yields (2).
(2)⇔ (5). This follows from [1, Theorem 6.2].
Now, suppose that the ring A/pA is semi-local or Noetherian.
(4) ⇒ (6). By (4), the ring A/pA has Krull dimension 0, hence A/pA is in fact semi-
local. Moreover, A/pA is reduced, so the intersection of all maximal (i.e., prime) ideals
of A containing p is equal to the ideal pA. There exist only finitely many such maximal
ideals mi , hence
pA = m1 ∩m2 ∩ · · · ∩mr = m1m2 · · ·mr .
Moreover, by (4), each maximal ideal mi has residue field Fp.
(6)⇒ (4). This is clear.
This completes the proof. 
Corollary 4.3. Let A be a ring. Then A is binomial (resp., quasi-binomial) if and only if
Ap is binomial (resp., quasi-binomial) for all maximal ideals p in A.
Proof. Property (3) of Theorem 4.2 is a local property of rings. Therefore the quasi-
binomial property is a local property. Also, since the quasi-binomial and torsion-free
properties are both local properties, so is the binomial property. 
Because the free binomial rings are non-Noetherian, it may be a manageable problem to
construct explicitly all Noetherian binomial rings. Statement (6) of Theorem 4.2 is perhaps
a first step in this direction.
5. Preservation of the binomial property
In this section, we study operations on rings that preserve the binomial and quasi-
binomial properties. First we show that these properties are preserved under localization.
174 J. Elliott / Journal of Pure and Applied Algebra 207 (2006) 165–185
Proposition 5.1. Let A be a ring. If A is quasi-binomial (resp., binomial), then so is
U−1A, for any multiplicative set U in A.
Proof. The lemma follows easily from condition (4) of Theorem 4.1. 
Next, we study the preservation of the binomial and quasi-binomial properties under
composita and intersections.
Proposition 5.2. Let {Aλ} be a collection of subrings of some ring A. If the Aλ are quasi-
binomial, then so is the compositum of the Aλ. If A is torsion-free and the Aλ are binomial,
then the intersection of the Aλ is binomial.
Proof. Let B be the compositum of the Aλ, and let p be a prime number. The images of the
Aλ/pAλ in B/pB generate the ring B/pB. Therefore, since the Frobenius endomorphism
of Aλ/pAλ is the identity for all λ, it follows that the Frobenius endomorphism of B/pB
is also the identity. Therefore B is quasi-binomial, by Theorem 4.2. The statement about
the intersection of the Aλ is clear. 
Example 5.3. The intersection of binomial subrings of an arbitrary ring need not be
binomial (or quasi-binomial). Likewise, the compositum of binomial subrings of a ring
need not be binomial (but must be quasi-binomial). For example, let
A := Z(p)[X, T1, T2]/I,
where I is the ideal generated by X p − X − pTi and T pi − Ti for i = 1, 2. Let Bi be the
subring of A generated by X and Ti . Then one has
Bi = Z(p)[X, Ti ]/(X p − X − pTi , T pi − Ti ),
which is binomial. However, the intersection B1 ∩ B2 is equal to Z(p)[X ], which is not
binomial, and the compositum B1B2 is equal to A, which is not binomial since it is not
torsion-free.
The binomial and quasi-binomial properties are also preserved under products and
coproducts (i.e., tensor products over Z).
Proposition 5.4. Let {Aλ} be a collection of rings. The ring∏ Aλ is binomial if and only
if Aλ is binomial for all λ. Moreover, the ring
⊗
Z Aλ is binomial if Aλ is binomial for all
λ. These statements also hold if “binomial” is replaced with “quasi-binomial”.
Proof. If
∏
Aλ is quasi-binomial, then every Aλ, being a quotient of
∏
Aλ, is quasi-
binomial. The converse is equally clear. The result for tensor products follows from
Proposition 5.2, since the images of the Aλ in A := ⊗Z Aλ are quasi-binomial and
generate A as a ring. Moreover, these statements also hold for torsion-free rings, and hence
also for binomial rings. 
The binomial and quasi-binomial properties are also preserved under direct and inverse
limits.
Proposition 5.5. Let piλµ : Aλ −→ Aµ be an inverse system of ring homomorphisms,
and let Â be the inverse limit. If the Aλ are binomial (resp., quasi-binomial), then so is Â.
The same holds for a direct limit of a direct system of ring homomorphisms.
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Proof. Let p be a prime, and let Â/pA be the inverse limit of the induced inverse system
Aλ/pAλ −→ Aµ/pAµ. For every λ, the function X p − X is identically zero on Aλ/pAλ.
Since Â/pA is a subring of
∏
λ Aλ/pAλ, the function X
p−X is identically zero on Â/pA.
Moreover, by the left-exactness of inverse limits, the ring Â/p Â is isomorphic to a subring
of Â/pA. Therefore X p − X is identically zero on Â/p Â. Since this is true for all primes
p, it follows by Theorem 4.2 that the ring Â is quasi-binomial. If the Aλ are torsion-free,
then so is
∏
λ Aλ, and therefore Â is torsion-free as well. Therefore the binomial property
is also preserved. The result for direct limits follows from Proposition 5.2 and the fact
that the images of the Aλ in the direct limit A generate A as a ring (and direct limits also
preserve the torsion-free property). 
6. Universal quasi-binomial rings
Recall that a ring is quasi-binomial if it is a homomorphic image of a binomial ring.
The ring Z/nZ is quasi-binomial for any integer n, so every ring contains a quasi-binomial
subring. In fact, one has the following.
Theorem 6.1. Every ring A contains a unique largest quasi-binomial subring, denoted
QbinU (A). Moreover, QbinU is a functor from rings to quasi-binomial rings that is a right
adjoint for the inclusion from quasi-binomial rings to rings; in other words, there is a
natural bijection
Hom(B,QbinU (A))
∼−→ Hom(B, A)
for all rings A and all quasi-binomial rings B.
Proof. Let QbinU (A) denote the compositum of all quasi-binomial subrings of A. By
Proposition 5.2, the ring QbinU (A) is quasi-binomial. Therefore QbinU (A) is the largest
quasi-binomial subring of A. If ϕ : A −→ A′ is a homomorphism of rings, then
ϕ(QbinU (A)) is a quasi-binomial subring of A
′. Therefore ϕ(QbinU (A)) ⊂ QbinU (A′).
This proves functoriality. The fact that QbinU is a right adjoint for the given inclusion is
also easy to verify. This completes the proof. 
We call the ring QbinU (A) the universal quasi-binomial subring of A. The functor
QbinU will be used in Section 9 to study the right adjoint to the inclusion functor from
binomial rings to rings.
Let b(A) denote the set of all a ∈ A that satisfy
a p ≡ a (mod pA)
for all prime integers p. The set b(A) is clearly a subring of A and is functorial in A. By
Theorem 4.1, A is quasi-binomial if and only if A = b(A).
Proposition 6.2. Let A be a ring of prime characteristic p. Then QbinU (A) = b(A), and
both are equal to the subring of A fixed by the Frobenius endomorphism a 7−→ a p of A.
Proof. The proposition follows from Theorem 4.2. 
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For any non-negative integer k, let bk(A) denote k applications of the functor b to A.
By taking intersections we can extend this definition to all ordinals: we define
bα(A) :=
⋂
β<α
bβ(A)
for all limit ordinals α and
bβ+1(A) := b(bβ(A))
for all successor ordinals β + 1.
Proposition 6.3. For any ring A, we have QbinU (A) = bα(A) if and only if bα(A) =
bα+1(A). Moreover, there is a least ordinal α for which these conditions hold.
Proof. The first statement is clear. To verify the second statement, we need only show that
there is an ordinal α for which bα(A) = bα+1(A). But bα(A) ⊃ bβ(A) if α ≤ β, and the
descending sequence {bα(A)} of subsets of A must stabilize once the cardinality of α is
greater than the cardinality of the power set of A.
Proposition 6.4. Let A be a torsion-free ring. Let ω denote the first limit ordinal. Then
QbinU (A) = bω(A), and both sets are equal to the set of all a ∈ A satisfying any of the
following conditions, which are equivalent for any torsion-free ring A and any a ∈ A.
(1) Fpk (a) lies in A for any prime number p and any non-negative integer k.
(2) There is a ring homomorphism Int(Z) −→ A sending X to a (and it is unique).
(3)
( a
n
)
lies in A for any positive integer n.
(4) f (a) lies in A for every f (X) ∈ Int(Z).
Proof. By Lemma 3.3, (1) implies (2). The implications (2)⇒ (3)⇒ (4)⇒ (1) are also
clear. Therefore the four conditions of the proposition are equivalent. Moreover, condition
(1) is easily verified to be equivalent to a ∈ bω(A). By Proposition 6.3, it remains only to
show that bω(A) = b(bω(A)).
Let a ∈ bω(A) and let p be a prime number. Since(
(X p − X)/p
n
)
∈ Int(Z),
condition (4) implies that(
(a p − a)/p
n
)
∈ A
for any positive integer n. Therefore (a p − a)/p ∈ bω(A), by condition (3). It follows that
a ∈ b(bω(A)). Hence bω(A) = b(bω(A)). 
Example 6.5. (1) Let A := (Z/pmZ)[X ]. One can show by induction that
bk(A) = Z/pmZ+ pk A
for all integers k ≥ 0. In particular, one has bm(A) = Z/pmZ, so
QbinU (A) = Z/pmZ.
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(2) By a similar argument, if A = Z(p)[X ], one has
bk(A) = Z(p) + pk A
for all k, and
QbinU (A) = bω(A) = Z(p).
7. Universal binomial rings, I
The inclusion functor from binomial rings to rings has both left and right adjoints,
which we will denote by BinU and BinU , respectively. We construct the functor BinU
in Theorem 7.1 below. The functor BinU will be constructed in Section 9.
Theorem 7.1. We have the following.
(1) Every torsion-free ring A is contained in a smallest binomial ring, denoted BinU (A),
equal to the intersection of all binomial subrings of A⊗ZQ containing A. If A is
generated as a Z-algebra by elements ai , where i ∈ I , then BinU (A) is the Z-
subalgebra of A⊗ZQ generated by all elements of the form
( ai
n
)
, where i ∈ I and
n ∈ Z≥0.
(2) Let Atfree denote the image of the homomorphism A −→ A⊗ZQ for any ring A.
Define BinU (A) := BinU (Atfree). Then BinU defines a functor from rings to binomial
rings which is a left adjoint for the inclusion from binomial rings to rings; in other
words, there is a natural bijection
Hom(BinU (A), B)
∼−→ Hom(A, B)
for all rings A and all binomial rings B.
(3) Alternatively, the functor BinU may be described as follows. For any ring A, let
X A denote a set of formal variables indexed by the set A. Let IA denote the kernel
of the natural surjective homomorphism Z[X A] −→ A. Then BinU (A) is naturally
isomorphic to the ring Int(ZX A )/IAQ[X A] ∩ Int(ZX A ).
Proof. (1) The first statement of (1) follows from Proposition 5.2. Now suppose A is
generated as aZ-algebra by elements ai , where i ∈ I . Let B denote theZ-subalgebra of
A⊗ZQ generated by all elements of the form
( ai
n
)
, where i ∈ I and n ∈ Z≥0. Clearly
one has B ⊂ BinU (A). But A ⊂ QbinU (B) by Proposition 6.4, so B ⊂ QbinU (B)
since QbinU (B) is binomial. Therefore B is binomial, so Bin
U (A) ⊂ B. Therefore
BinU (A) = B.
(2) Clearly BinU is functorial in A. The functor BinU on torsion-free rings is easily verified
to be a left adjoint for the inclusion functor from binomial rings to torsion-free rings.
Likewise, the functor (−)tfree is a left adjoint for the inclusion functor from torsion-free
rings to rings. Statement (2) follows by putting these two facts together.
(3) This follows from Proposition 7.2 below. 
We call the ring BinU (A) the universal binomial ring lying over A.
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Proposition 7.2. Let A be a ring, and let I be an ideal in A. Then
BinU (A/I ) = BinU (A)/BinU (I ),
where
BinU (I ) := I (A⊗ZQ) ∩ BinU (A).
Thus, in particular, one has
BinU (Z[X ]/I ) = Int(ZX )/IQ[X ] ∩ Int(ZX )
for any set X and any ideal I in Z[X ].
Proof. One easily verifies that the ring BinU (A)/BinU (I ) satisfies the universal property
for the ring BinU (A/I ). 
Example 7.3. (1) One has BinU (Z[X ]) = Int(ZX ) for any set X of formal variables. This
yields another proof of Proposition 2.1.
(2) One has BinU (A) = 0 if and only if A is of non-zero characteristic.
(3) Let K be a number field with ring of integers OK . One has BinU (OK ) = U−1OK ,
where U is the multiplicative set generated by the set of prime numbers p that do not
split completely in OK . This follows from [5, Exercise IV.23(i)].
8. Binomial rings as λ-rings
For the remainder of this paper, we need the concepts of a (special) λ-ring, the universal
λ-ring Λ(A) := 1 + T A[[T ]] (which is a ring under operations · and ∗), and the Adams
operations of a λ-ring. These definitions can be found in [4], and equivalent definitions can
be found in [2] and [10], for example. We adopt here the convention that the identity of the
ringΛ(A)with respect to ∗ is the series (1−T )−1, rather than the series 1+T . Thus, one has
(1− aT )−1 ∗ f (T ) = f (aT )
for all a ∈ A and all f (T ) ∈ Λ(A); hence if either f (T ) or g(T ) is a geometric series,
then f (T )∗g(T ) is given by coefficientwise multiplication, known as theHadamard prod-
uct. Under this convention, the Adams operations ψn of a λ-ring A are determined by the
equation
∞∑
n=1
ψn(a)T
n = T
λ(a)
dλ(a)
dT
,
where λ(a) = ∑∞n=0 λn(a)T n . This convention was also adopted in [11] and is more nat-
ural when applying universal λ-rings to the study of zeta functions of varieties.
Suppose A is a λ-ring with Adams operations ψn . For every prime p one has
ψp(a) ≡ a p (mod pA)
for all a ∈ A [4]. In other words, ψp is a lift of the Frobenius endomorphism of A/pA to
an endomorphism of A. If ψp is the identity on A, then one has
a p ≡ a (mod pA)
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for all a ∈ A. Thus a λ-ring whose Adams operations are the identity on A is quasi-
binomial. Therefore, if such a λ-ring is torsion-free, then it is binomial. This proof is due
to Wilkerson [16]. Here we will prove further that every such λ-ring is necessarily torsion-
free and is therefore binomial.
For any ring A and for any a ∈ A and any positive integer n, let
a(n) := a(a − 1)(a − 2) · · · (a − n + 1).
Lemma 8.1. Let A be a λ-ring, and let a ∈ A. If ψn(a) = a for every positive integer n,
then
(−a)(n) = n!(−1)nλn(a)
for every positive integer n. The converse holds if A is torsion-free.
Proof. One has ψn(a) = a for all n iff
T
λ(a)
dλ(a)
dT
= aT
1− T ,
iff
(1− T )
∞∑
n=0
nλn(a)T
n = aT
∞∑
n=0
λn(a)T
n,
iff
(n + 1)λn+1(a) = (a + n)λn(a)
for every n. By induction, this last condition implies that
(−a)(n) = n!(−1)nλn(a)
for every n, and the reverse implication holds if A is torsion-free. 
Lemma 8.2. Let f ∈ 1+T A[[T ]], say, f =∑n anT n , and let p be a prime. Suppose that
f p = 1 (where f p denotes the product of f with itself p times under ·). Then pak = 0
whenever 1 ≤ k < p, and a p1 + pap = 0.
Proof. Expanding out f p via the binomial and multinomial theorems, we see that
1 = 1+ pa1T +
(
pa2 +
( p
2
)
a21
)
T 2 +
(
pa3 + 2
( p
2
)
a1a2 +
( p
3
)
a31
)
T 3 + · · · .
Since p divides
( p
k
)
whenever 1 < k < p, it follows by induction on k that pak = 0 for
all k < p. It follows that the coefficient of T p in f p is pap + a p1 , which therefore must
equal 0. 
Proposition 8.3. Let A be a λ-ring all of whose Adams operations are the identity on A.
Then A is binomial.
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Proof. By Lemma 8.1 and Theorem 4.1, it suffices to show that A is torsion-free. Suppose
that pa = 0, where p is a prime and a is in A. Then λ(a)p = 1. By Lemma 8.2, we have
a p + pλp(a) = 0.
Also, by Lemma 8.1, we have
(−a)(p) = p!(−1)pλp(a).
Therefore
(−a)p + a = (−a)(p)
= p!(−1)pλp(a)
= −(p − 1)!(−1)pa p
= (−a)p,
where the first and last equations follow from the fact that pa = 0. Thus a = 0. Hence A
is torsion-free. 
Proposition 8.4. Let A be a binomial ring. Then A can be given the structure, necessarily
unique, of a λ-ring whose Adams operations are the identity on A.
Proof. This is due to Wilkerson [16]. 
Remark 8.5. If A is a binomial ring then, given our normalization of the ring Λ(A) so that
the multiplicative identity is the series (1− T )−1, the map λ : A −→ Λ(A) making A into
a λ-ring is given by
λ(a) = (1− T )−a :=
∞∑
n=0
(−a
n
)
(−T )n .
9. Universal binomial rings, II
We now construct a right adjoint for the inclusion functor from binomial rings to rings.
Theorem 9.1. We have the following.
(1) A ring A is binomial if and only if A can be given the structure, necessarily unique, of a
λ-ring whose Adams operations are the identity on A. Moreover, every homomorphism
of binomial rings is a morphism of λ-rings.
(2) Every λ-ring A contains a largest λ-subring whose Adams operations are the identity
on A. This λ-subring, denoted Binλ(A), consists of all elements of A which are fixed
by all of the Adams operations on A. Moreover, Binλ defines a functor from λ-rings to
binomial rings that is a right adjoint for the inclusion functor from binomial rings to
λ-rings; in other words, there is a natural bijection
Hom(B,Binλ(A))
∼−→ Hom(B, A)
for all λ-rings A and all binomial rings B.
(3) Let BinU denote the functor Binλ ◦ Λ. The functor BinU is a right adjoint for the
inclusion from binomial rings to rings; in other words, there is a natural bijection
J. Elliott / Journal of Pure and Applied Algebra 207 (2006) 165–185 181
Hom(B,BinU (A))
∼−→ Hom(B, A)
for all rings A and all binomial rings B.
(4) The image of the natural ring homomorphism BinU (A) −→ A is equal to QbinU (A)
for any ring A (see Theorem 6.1). Moreover, this ring homomorphism is an inclusion
if A is torsion-free, and it is an isomorphism if and only if A is binomial.
(5) For all rings A, one has BinU (A) = BinU (QbinU (A)).
Proof. (1) This follows from Propositions 8.3 and 8.4.
(2) For any λ-ring A, let Binλ(A) denote the subring of A consisting of those elements of
A fixed by all of the Adams operations on A. Since the Adams operations commute
with the λn , it follows that λn(a) is in Binλ(A) for all a in Binλ(A) and all positive
integers n. Therefore λ maps Binλ(A) into Λ(Binλ(A)), so Binλ(A) forms a λ-subring
of A. By construction, all Adams operations on Binλ(A) are the identity, so Binλ(A) is
binomial. The rest of statement (2) is now easily verified.
(3) The functor Λ is a right adjoint for the forgetful functor from λ-rings to rings.
Combining this with (2) yields (3).
(4) This is clear.
(5) For all rings A and all binomial rings B, one has natural bijections
Hom(B,BinU (QbinU (A)))
∼−→ Hom(B,QbinU (A)) ∼−→ Hom(B, A),
by (3) and by Theorem 6.1. Therefore BinU ◦ QbinU is a right adjoint for the
inclusion from binomial rings to rings. Hence, by uniqueness of adjoints, one has
BinU ◦ QbinU = BinU . 
The ring BinU (A) is called the universal binomial ring lying under A.
Proposition 9.2. For any ring A, the map
BinU (A) −→ Λ(A)
acting by
b 7−→ (1− T )−b :=
∞∑
n=1
(−b
n
)
(−T )n
is a natural and injective ring homomorphism. In particular, the universal λ-ring Λ(A) has
a natural BinU (A)-algebra structure. Moreover, one has
(1− T )−b ∗ f (T ) =
∞∑
n=0
(
b
n
)
( f (T )− 1)n
for all b ∈ BinU (A) and all f (T ) ∈ Λ(A).
Proof. The first statement follows from Theorem 9.1 and Remark 8.5. The last statement
is equivalent to certain universal integer polynomial identities, derived from the universal
polynomials for ∗, among the coefficients of f (T ) and the binomial coefficients
(
b
n
)
.
Since these integer polynomial identities hold for all b ∈ Z, they must also hold for all
b ∈ BinU (A). 
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Proposition 9.3. Let p be a prime. One has BinU (Fp) ∼= Zp. In fact, one has BinU (A) ∼=
Zp for any domain A of characteristic p.
Proof. First, there is an isomorphism Λ(Fp)
∼−→ ZYp of topological rings, where Y
:= {n ∈ Z>0 | p - n} [4, Exercise IX.1.40]. One can show that the image of
BinU (Fp) in ZYp under this isomorphism is contained in the diagonal and is therefore
continuously isomorphic to a subring of Zp. Moreover, there is a continuous isomorphism
Zp −→ BinU (Zp), acting by α 7−→ (1 − T )−α . Following this isomorphism by
the continuous homomorphism BinU (Zp) −→ BinU (Fp), and then by the continuous
injective homomorphism BinU (Fp) −→ Zp, must yield the identity homomorphism
on Zp. Therefore BinU (Fp) ∼= Zp. If A is any domain of characteristic p, then
QbinU (A) = Fp, and therefore BinU (A) = BinU (QbinU (A)) = BinU (Fp) = Zp, by
(5) of Theorem 9.1. 
Remark 9.4. By Propositions 9.3 and 2.1, one has bijections
{p ∈ Spec(Int(Z)) | p ∈ p} ∼= Hom(Int(Z),Fp) ∼= Hom(Int(Z),Zp) ∼= Zp.
The prime ideals of Int(Z) lying over pZ are therefore in natural one-to-one
correspondence with the elements of Zp. This is (1) of [5, Proposition V.2.7].
10. Universal λ-rings
The universal λ-ring over any binomial ring has a simple description in terms of
“necklace rings”. Let A be a ring. The necklace ring over A [13] is the unique ring Nr(A)
with underlying set
∏∞
n=1 A under coordinatewise addition, and multiplication defined by
(a b)n =
∑
[i, j]=n
(i, j)aib j
for all n. Here (i, j) and [i, j] denote, respectively, the gcd and lcm of i and j , and cn
denotes the nth coordinate of a vector c.
Proposition 10.1. Let A be a binomial ring. The map
E : Nr(A) −→ Λ(A)
given by
E(a) =
∞∏
n=1
(1− T n)−an
is an isomorphism of rings which is functorial in A.
Proof. The only nontrivial fact here is that E is a ring homomorphism. Clearly, E is
additive. Moreover, E is continuous, where A is given the discrete topology, Nr(A) the
product topology, and Λ(A) the T -adic topology. Therefore we need only show that
E(a b) = E(a)E(b) for any a and b in Nr(A) with only one nonzero coordinate. Say
these coordinates are a = ai and b = b j , respectively. Then (a b)[i, j] = (i, j)ab, and all
other coordinates of a b are zero. Therefore
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E(a b) = (1− T [i, j])−(i, j)ab
and
E(a) ∗ E(b) = (1− T i )−a ∗ (1− T j )−b.
These two polynomials are equal for a = b = 1, and hence for all integers a, b by the
ring axioms for · and ∗. Their equality is equivalent to certain universal integer polynomial
identities among the binomial coefficients(−(i, j)ab
k
)
,
(−a
l
)
,
(−b
m
)
.
Since these integer polynomial identities among the binomial coefficient polynomials hold
for all a, b ∈ Z, they must also hold for all a, b ∈ A. 
11. Complete algebras over a binomial ring
Proposition 11.1. Let B be a binomial ring, and let A be a commutative B-algebra that is
complete with respect to an ideal a ⊂ A. The multiplicative abelian group 1 + a has the
additional structure of a B-module, where one defines
(1+ a)b :=
∞∑
n=0
(
b
n
)
an
for all b ∈ B and all a ∈ a.
Proof. Let b, b′ ∈ B. We must show that the identities
(1) (1+ a)b(1+ a′)b = (1+ a + a′ + aa′)b
(2) (1+ a)b+b′ = (1+ a)b(1+ a)b′
(3) (1+ a)bb′ = ((1+ a)b)b′
hold for all A, a as in the proposition and for all a, a′ ∈ a. Expanding out these identities
and collecting coefficients of aka′l , we can see that the fact that each of these identities
holds for all A, a, a, a′ as above is equivalent to certain integer polynomial identities
among the binomial coefficients(
b
k
)
,
(
b′
l
)
,
(
b + b′
m
)
,
(
bb′
n
)
.
In fact, the identities above are equivalent, respectively, to the identities
(1)
(
b
m
) (
b
n
)
=∑k≤min(m,n) ( m+n−km−k,n−k,k ) ( bm+n−k )
(2)
(
b+b′
n
)
=∑k+l=n ( bk ) ( b′l )
(3)
(
bb′
n
)
=∑l1+2l2+···+nln=n ( ∑ni=1 lil1,l2,...,ln ) ( b′∑ni=1 li )∏ni=1 ( bli )
holding for all integers m, n ≥ 0. Finally, since these integer-valued polynomial identities
hold for all b, b′ ∈ Z, they must also hold for all b, b′ ∈ B.
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Corollary 11.2. Let A be a ring and a an ideal in A with respect to which A is complete.
The abelian group 1+ a has a natural BinU (A)-module structure. 
Example 11.3. If K is a finite extension of Qp of degree d with ring of integers O with
maximal ideal p, then the abelian group 1 + p has a Zp-module structure and is indeed
isomorphic to Z/paZ ⊕ Zdp, where pa is the number of roots of unity in K of p-power
order [14, Theorem 5.7].
12. Multiplicative arithmetic functions
In this section, we apply Section 9 to the study of multiplicative arithmetic functions.
Let A be a ring. An A-arithmetic function is a function from the set of positive integers
into A. The set of all such functions forms a commutative ring Ar(A) under pointwise
addition + and the usual Dirichlet convolution product ∗, defined by
( f ∗ g)(n) =
∑
cd=n
f (c)g(d),
where the sum is over all ordered pairs (c, d) of positive integers c and d such that cd = n.
An A-arithmetic function f is said to be multiplicative (resp., completely multiplicative) if
f (1) = 1 and
f (mn) = f (m) f (n)
for all relatively primem and n (resp., for allm and n). It is well-known that the set Mul(A)
of multiplicative functions is a subgroup of the group of units of Ar(A). The completely
multiplicative functions generate a subgroup of Mul(A) called the group Rat(A) of rational
A-arithmetic functions.
Rearick [15] defined the real power f α of an R-arithmetic function f with f (1) > 0 as
f α = Exp(αLog f ), where Exp and Log are his exponential and logarithmic operators. If
f is multiplicative, then so is f α .
Let m(A) denote the ideal { f ∈ Ar(A) : f (1) = 0} in Ar(A). The ring Ar(A) is m(A)-
adically complete. Therefore, by Corollary 11.2, the abelian group 1+m(A) has a natural
BinU (A)-module structure. Explicitly, if f ∈ 1+m(A) and α ∈ BinU (A), we define
f α :=
∞∑
n=0
(α
n
)
( f − 1)n .
Proposition 12.1. The action of BinU (A) on 1 + m(A) defined above gives the abelian
group 1 + m(A) the structure of a BinU (A)-module. Moreover, the group Mul(A) is a
BinU (A)-submodule of 1+m(A); in other words, if f ∈ Mul(A) and α ∈ BinU (A), then
f α ∈ Mul(A).
Proof. The map
Mul(A) −→ Λ
(∏
p
A
)
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acting by
f 7−→
∞∑
n=0
( f (pn))pT
n
is a functorial isomorphism of groups, where the direct product is over the set of prime
numbers. Therefore, by Proposition 9.2, the group Mul(A) has a natural BinU (A)-algebra
structure whose underlying BinU (A)-module structure agrees with the BinU (A)-module
structure on the group 1+m(A). 
By the proof of Proposition 12.1, the group Mul(A) has a natural BinU (A)-
algebra structure. Further knowledge of this BinU (A)-algebra structure can yield useful
information, say, about the powers of a given multiplicative A-arithmetic function that are
rational. This topic will be taken up elsewhere.
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